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ABSTRACT
A compact set in the plane is rigid with respect to a norm if the norm
isometries of the set act transitively on it. We show that if a norm has an
infinite rigid set, then, up to linear transformation, the norm is Euclidean and
the set is a circle. Our methods also yield a new characterisation of the ellipse.

Introduction

Let E be a finite dimensional Banach space. A compact subset I" of E is
called rigid if it has the following property: given a, b €I there exists an
isometry T of I" onto itself with Ta = b. Clearly, if I" is rigid with respect to the
norm | - ||, and L: E—E is linear, then L(I') is rigid with respect to the
norm || L~'(+) | . For example, if E is a Euclidean space then a sphere is an
infinite rigid set. The point of this paper is that, up to linear transformation,
this is the only example of an infinite rigid set in a 2-dimensional Banach
space.

Specifically, we prove

MAIN THEOREM. Let (E, | - || ) be a 2-dimensional Banach space contain-
ing an infinite rigid set; then, up to linear transformation, the norm is
Euclidean, and the rigid set is a circle.

It has been shown by M. Akcoglu and U. Krengel ([1]) that a rigid set in /!(n)
is finite V7 = 1; and by R. Sine ([4]) that a rigid set in a finite-dimensional
Banach space whose unit sphere is polyhedral is finite.
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The proof of the main theorem is in stages. First we prove that the infinite
rigid set is actually a sphere of the norm, and that the norm is itself smooth
(here, and throughout, smooth means C') and strictly convex. Then by
exploiting rigidity, and an affine geometric property of rigid unit spheres, we
prove that the norm must be Euclidean. A characterisation of ellipses is
obtained as a corollary of our arguments.

Finally, the problem in higher dimensional Banach spaces is considered. We
would like to thank H. Furstenberg, S. Hart, R. Livne and V. Milman for some
helpful discussions, and Géttingen University for hospitality when this paper
was begun.

§1. T is a topological circle

We shall denote £ = R?=C with a norm || - || sometimes denoted N(-);
I' C E is an infinite rigid set. When we refer to distances, balls, spheres,
isometries, arc-length, etc., we shall consider them defined (unless stated
otherwise) with respect to the metric given by | - || . We also have the usual
norm (absolute value) |- | on C. We refer to it as the Euclidean norm and
speak about Euclidean distances, Euclidean circles, etc.

We denote by G the group of all isometries of I" onto itself. Equipped
with the topology of uniform convergence, G is a compact topological
group.

Lemma 1.1. There exists a compact convex set B C E with a non-empty
interior such that I" C 0B.

Proor. Letdiam(I)=sup{||a — b ||:a, bE€T}. Since I is compact, there
exist a, bET such that |a — b || =diam(I'). For every cEI" we can take
TEeG such that T(a) =c. Then || c — T(b) || = diam(I'), T(b)ET, and hence
the ball B, with centre T(b) and radius diam(I') contains I' and ¢ €9B..
Therefore B = (M, B, is a compact convex set for which " C B. Ifint B #+ &
then we take B = B. If not then B is contained in a straight line. Since B is
bounded, we can find a compact convex set B with non-empty interior such
that B C 9B. O

The set B is homeomorphic to the unit Euclidean circle S'=
{z€C:lz| =1}

Indeed, we may assume that 0 € B and use the angular (i.e. polar) parame-
trisation of dB about 0:
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AB ={p(t)=p)e":0=t<2m}.

Here, p: [0, 2n]— R, is continuous, bounded above, and below, and may be
extended to a bounded continuous function on R with period 2x.

Since B is convex, 3B has one sided tangents at every point on 8. Fora €6B
we denote by S, the positively oriented, positive tangent to 0B at a, and by
S, , the positively oriented negative tangent at a, and both by S, if they
coincide. The angle made by S, with the x-axis is denoted by y(¢), and
[0, 21) — R can be extended to a non-decreasing function y : R— R satisfy-
ing t <y(t)<t+m,and y(¢t + 2n) = y(¢) + 2xn. It follows that lim,_+ y(¢) =
7(s), and that the angle made by S,, with the x-axis is, modulo 27,
p(t7) < lim_- y(s).

We also have that fors =t <s 42z

log% = fst cot(y(u) — u)du

whence

(a) §§" cot(y(u) — u)du = 0 as p(t + 27) = p(?),

(b) p(¢) has one-sided derivatives at every ¢,

(¢) B is C'if and only if y(¢) is continuous.

We note that convex sets may be specified by specifying y with the above
properties.

LEMMA 1.2. There exists a constant § > O such that if A, u €R are such that
() A<pandy(u~)— (1) <9,
then for each v €(A, 1) we have
) I pQ)—pW) I < [l p(A)— p(u) |
and
3) || p(u) = pM || < || pR) ~ (W) || -

PrOOF. Set s={inf{|b|:||b] =1} and s,=s/sup{|b|:|b| =1}.
Since 0 < s, < }, there exists J €(0, z/6) such that sin(d) = s,.

Assume that (1) holds and take vE€(4, u). We shall prove (2); the proof
of (3) is analogous. Set a = p(d), b=p(u), r=|Jla—>b|. Let K and L
be the sphere and the open ball respectively, both with the centre a
and radius r; let M be the Euclidean circle with centre a and radius rs (see
Fig. 1).

By the convexity of B and since y(u —) — y(4 +) <=, we have p(v) E Aabc,
where ¢ is the point of intersection of S;" with Sy (if y(u —)=y(A + ) then
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Fig. 1.

these lines coincide and we take any ¢ between a and b and consider a
degenerated triangle). Let d €M be such a point that bd is tangent to M
and 4 and c¢ lie on the same side of ab. The angles between the line ab and the
lines S,;", S, respectively, are at most (y(u —) — y(A +)) <d. On the other
hand, sin 2 abd =rs/|b —a| =5, and cos £ bad =rs/|b —a| <}. Hence,
L abd = dand L bad = n/3 > 6. Consequently ¢ € Aabd and therefore Aabc C
Aabd. Since a,d€L and bEK, we have Aabd C L U {b}. Hence we get
p(v)EL, which is equivalent to (2). a

LEmMmA 1.3. T'=0B.

Proor. If a point a €T is isolated in I', then T(a) is isolated in I for
every TE€G and hence all points of I' are isolated in I'. This contradicts
our assumptions that I" is compact and infinite. Therefore I" has no isolated
points.

Suppose that I" # dB. Then there exists x € p~'(I') and ¢ > 0 such that
(x—¢e,x)Np '(I')=. Let d be as in Lemma 1.2. There exists & > 0 such
that y(x + ¢, — ) — y(x + ) < 4. Finally, there exists r, > 0 such that the inter-
section of the ball having centre p(x) and radius r, with 4B is contained in
p((x — &, x +&)).

Since p(x) is not isolated in I, there exist y, zEp~ (I’ such that x <z <y

and || p(x)— p(¥) || <ro, || P(x)— p(2) || <1, (see Fig. 2).

( .’/I“>‘.'\“ ,
x—¢& x+e
1 X t z y



Vol. 68, 1989 RIGID SETS IN THE PLANE 311

There exists T &€ G such that T( p(z)) = p(x).

If u€p () is such that | p(u)— p(z)| <r, then there exists vE
(x — &, x + &) such that T(p(u)) = p(v). Since || T(p(u)) — p(x) | <r,, we
get vE[x, x + &,).

Applying this to u = x we get vE[x, x + &) such that

I p@ =) || = I T(pON—T(p(2) || = || p(x)— p(2) |

By Lemma 1.2, we obtain v= z. Hence T(p(x)) = p(z).

When we take ¥ = y instead, we get some point (= v) with t E[x, x + &)
and T(p(y))= p(#). Since by Lemma 1.2, || p(z) — p(y) || < || p(x)~ p(») |,
we get || p(x)— p() || < || p(x)—p(y)|| and again, by Lemma 1.2, we
obtain ¢ <y. Now by using Lemma 1.2 twice, we get || p(t) — p(z) || <
I| p(x)— p(¥) || . On the other hand,

| pG)— pW | = | T(p(x) — T(p(¥)) || = || p(z)— p(¥) ],
a contradiction. Hence I = 9B. 0

Let H be the subgroup of G consisting of all orientation preserving
isometries of I'. Then clearly H is a clopen normal subgroup of index 2.
Arc length distance is defined on I by

ats, 0= p(s), o) = [ o) | du=lim 'S | plaes) = pCi) |

wherenz 1, s=uy<u, <:-- <u, =t <s+2rand A = max, (4., — u).
Clearly any (norm) isometry of I" preserves arc-length whence G is abelian.
Also, for every a, b €T there is a unique orientation preserving homeomor-

phism T such that Ta = b, which preserves arc-length.

LeMMA 1.4. Forevery a, b €T there is a unique T € H such that Ta = b.

Proor. Fixa€&€Tl andletj: H—TI bedefined by jT = Ta(T €H). Thenjis
a continuous map, whose restriction to H is [-1. Let I'y = j(H). We must prove
that I'y=TI". This is clear in case H = G. Otherwise 3T,EG \ H, whence
G=HUTHandI' =T, U Tyl Since Iy is closed, it follows that int I'y # & .
Now, I'y is easily seen to be open because j(gK) = gj(K) for g€G, K C G. By
connectedness I'y =T O

LEMMA 1.5. (a) An orientation preserving homeomorphism of T is an
isometry if and only if it preserves arc-length.
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(b) H is isomorphic, as a topological group to the circle group R/Z.

PrOOF. (a) As remarked above an orientation preserving isometry of
I" preserves arc-length. Conversely if T is orientation preserving and pre-
serves arc-length, then the unique element S of H which maps a onto Ta
(for some q €T') is also an orientation preserving arc-length preserving trans-
formation (mapping a onto Ta), and, being unique in this role, therefore
coincides with 7.

(b) This is an immediate corollary of (a). O

We may parametrise I" by arc-length. If the length of ' is 2L, then there isa
bijection y : [0, 2L)— I" such that the arc length distance from w(s) to w(s + t)
(s=t=s+2L)is t. Here y(t)= p(¢~'(z)) where ¢(t) = || p"(u) || du =
(0, ). We shall sometimes denote ¢ ! = ¢. The map y may be extended
periodically to y: R—T.

We write H = {T;: s €R} where T, w(t) = y(t + 5).

LEMMA 1.6, A4 convex closed curveT isrigidifandonlyif || w(s +t) — w(s) ||
is independent of s for every t where y is the arc-length parametrisation of T.

Proor. If T is rigid then by Lemma 1.5(a) w(s) — w(s +t) is a norm
isometry, whence || (s +¢)— w(s) || does not depend on s; and this state-
ment, for every ¢, in turn implies that the maps w(s) — w(s + ¢) are norm
isometries, whence I is rigid. O

§2. The norm is smooth, and the rigid set is a sphere

LeMMA 2.1. T is a sphere in the metric given by || - || .

ProOF. There is x,€(0, 2L) such that || w(xy) — w(0) || = diam(T').

Let x €R be such that y is continuous at both ¢(x) and ¢(x + xp). Set
a=wy(x),b=y(x +xp). Then ||a — b || = diam(') and S,, S, are tangent to
I' at a and b respectively.

Let v be a non-zero vector parallel to S,. For small ¢ €R the line L, parallel
to ab and passing through a + v intersects the lines S, and S, at points
a,(t)=a + tv and b(¢) respectively and I at points a,(¢) (close to a) and b,(¢)
(close to b) (see Fig. 3). Since S, and S, are tangent to I, we get

N EXORTOY I LXORS X G1
o] =]

0.
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ay(t) axt) bot) bi(1) L
a I Yb

Fig. 3.

Moreover,
fa®) = b | = lal) —a(D) || + | a() = b@) || + [|&u(8) = (D) ||

Since || ax(t) — by(t) | =diam(I) = Ja —b |, we get

im sup I &) — bn(tT[Hl —la—b] <o
t—0

1

This implies that S, is parallel to S,,.

For small ¢t €ER draw the lines M, and M, parallel to ab through points
w(x +t) and w(x + x, + ) respectively. M, interesects S, at a point a + s(¢)v
and M, intersects S, at a point b + r(¢)v for some s(t), r(t)ER (see Fig. 4).

Sa

M, a+s@t)w

y{x +x,+1)

b+ritw M,

Fig. 4.
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Since y is the arc-length parametrisation of I, and S, and S, are tangentto I
and parallel to each other, we obtain

im v to—all L vt x+n-b]
t—~0 It! 1—0 lt]

and

1i_l:l(’)l | wlx +1) ,—t(‘a + s(t)) || _ ling | wlx +xo+ t,)z,— b+r@n| _

0.

It follows that lim, 4| s(¢)/t| = 1/ || v || = lim,~q|r(¢)/t]. Clearly, s(¢) and r(¢)
have opposite signs. Therefore

lim SO _
t—~0 ][|

We have

”y/(x+t)+a//(x+xo+t)_a+b“
2 2

sy +—@+s@w) || +ilyx+x+)—0+rtw|
+is@+r@) vl -

Hence,

1
lim —

“y/(x+t)+y/(x+x0+t)_a+b
t—0 |t|

| -o
2 2

Thus the function F: R— E, given by

_¥)+yx + x)

F(x) 5

b

has derivative O at all points x such that y is continuous at both ¢(x) and
@(x + x;), 1.e. at all points except a countable number of them. The function w
is Lipschitz continuous, and hence F is also Lipschitz continuous. Con-
sequently, F is constant. Since || w(x) — F(x) || = i diam(I') for all x €R, Tis
the sphere with centre F(0) and radius idiam(I). O

Without loss of generality, we may assume that I" is the unit sphere, and
B s the unit ball around zero. One of the important consequences of this is that
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I' is symmetric with respect to 0. Hence, p(t + 1) = — p(¢), and y(t + n) =
»(t) + n. Also, for each a €T both arcs between a and — g have the same
length. Hence w(t + L) = — yw(2).

LEMMA 2.2. The norm (i.e. its unit ball) is strictly convex and smooth.

PrROOF. Assume that a, b €T are such that ||a — b || = 2. Draw the line
parallel to ab and passing through 0. It intersects I at two points, ¢ and d. By
symmetry of I', d = — ¢, so if ¢ = y(x) then d = w(x + L). Since y(x + n) =
v(x) + =, S, and S, are parallel (see Fig. 5).

me

Fig. 5.

Since also |j ¢ —d || = 2 and T lies between S, and S,, we have eithera €S,
beS,oracS,, bES,.

Suppose that {a, b} # {c, d}. Without loss of generality we may assume that
aE€S,, bES,. By symmetry, e = — bES,. Then c lies on the segment ae and
therefore it is not an extremal point of B.

If we replace a and b by T,(a) and T,(b) respectively, then the point
¢(t) which replaces ¢ will depend continuously on ¢. Moreover, as ¢ varies
from O to 2L, c(¢) passes through the whole of I'. If a = w(y) then, since
b # —a, we have b # y(y + L). Therefore T,(a)=w(y +t), but T,(b) #
w(y +t+L). Thus, {T(a), T,(b)}+# {c(t),—c(t)}, and hence c(¢) is
not an extremal point of B. Therefore no point of dB is extremal, a con-
tradiction.

Thusif |a — b || =2 for some a, b €T then b = — a. However, if B is not
strictly convex then there exists ¢ €I" which is not an extremal point of B.
Then any straight line parallel to 20 and sufficiently close to it intersects I at
two points which are at distance 2 from each other. This is a contradiction,
since these points are not symmetric with respect to 0. Therefore B is strictly
convex.
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We now prove smoothness, Recall that w(s)= p(p(s)) where
891l p’(w) || du = 5. Clearly

1 1
WD) =) | =1 and > |G = A= y@) | =1 ash—0".

The directions of 2~ '(w(t + h) — w(¢)) and & ~'(w(¢) — h)) converge to 7"
and ¢"7®® 7 respectively. Thus, y(s) has one-sided derivatives y *(s) and y~(s)
everywhere, which coincide at s if and only if y is continuous at ¢(s), and
moreover || y* || = |y~ || =1.

Also, for every s,

1
Z lwi+hr)—ws—=h)]| = lwts)+w ()] as h —~0.

By strict convexity and || w* || = 1, this limit is equal to 2 if and only if
wT(s) =y (s), i.e. y is continuous at ¢(s).

There are points s such that y is continuous at ¢(s), and hence for which this
limit is equal to 2. By Lemma 1.6, this limit i1s 2 for every s, whence y is
continuous and I is smooth. a

§3. Rigidity and the A’ property
In the next three sections, we prove

THEOREM 3.1. If N is a strictly convex, smooth norm whose unit sphere is
rigid, then there is a linear transformation L : R?—R? such that N o L(x, y) =

To do this, we shall need a strengthening of rigidity, and a geometric pro-
perty of a rigid unit sphere which we develop in this section.

Let ' be a smooth (C"), strictly convex closed curve in R? and let O
be a point in its interior. Given a point A on I', we construct a new point
A’ on I such that the directed line O4’ has the same direction as the tangent
to I' at 4 in the positive direction. It follows from smoothness and strict
convexity of I' that the map 4 +— A’ is a homeomorphism of I'. Given
two points B, C on I, there is a unique point M (B, C) on I" with the property
that the positive tangent to I at M (B, C) has the same direction as the directed
line BC.

We say that the curve I has the M’ property about O if for every A, Bon I



Vol. 68, 1989 RIGID SETS IN THE PLANE 317

M(A’, B'Y= M(A, BY.

It is not hard to see that if I" has the M’ property about O, and L is an
affine map of the plane, then L(I") has the M’ property about L(Q), and in-
deed

LAy =L(4"), M(L(B),L(C))=L(M(B, C)).

Clearly, circles have the M’ property about their centres, whence ellipses
have the M’ property about their points of symmetry (being affine images of
circles). We shall prove later that if a curve has the M’ property about some
point, then the curve is an ellipse, and the point is its point of symmetry. Our
first task here is to prove

LEMMA 3.1. Let N be a smooth strictly convex norm on R? with unit sphere
V. Then V is rigid if and only if V has the M’ property about its centre.

PrROOF. Let p(t)=p(t)e" be the angle parametrisation of ¥ about its
centre 0. For s =t =5 + 2nr, write M(p(s), p(t)) = p(8(s, t)) and (p(s)y =
p(7(s)). Then y(s)=s + cot™'a’(s) where a =logp, and the M’ property
about 0 is

26(s, 1) = 0(p(s), y(2)).

Let 2L be the (norm) arc length of T', i.e. 2L = {§" N(p'(t))dt.
Next, let ¢(s) be that increasing diffeomorphism of [0, 2L] onto [0, 27 ] such
that the arclength parametrisation w(s)= p(p(s)); then N(y'(s))=1 and

hence y’(s) = p(ye(s)).
Now by Lemma 1.6, V is rigid if and only if N(y(s + ¢) — w(s)) does not
depend on s, i.c.

d
;N(w(s + 1) — y(s))=0.
A)

Now
d
ZIEN(W(S +1)—yw(s)=VN(s +1)—w(s))-(W's +1)— y'(s)

= VN(p(p(s + 1)) — p(p(s)-(p(p(s + 1)) — p(yp(s)).
Since N(re'®) = rN(e") (r > 0) we have that
VN(re’®) = VN(e") = VN( p(0))

and this is the outward normal to V at p(8).
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Thus VN(p(p(s + t)) — p(p(s))) is the outward normal to V at p(y68(e(s),
p(s + 1)), and

iN(!//(s +t)—w(s)=0
ds

if and only if the direction of p(yp(s + 1))~ p(ye(s)) (which is
0(yp(s), yp(s + 1)) is perpendicular to that of the outward normal to V at
p(76(p(s), p(s + t))), or parallel to the tangent to V at this point. This means
20(p(s), p(s + 1)) = y0(70(s), yp(s + t)) which by monotonicity of y is the
same as y8{p(s), p(s + 1)) = 8(yp(s), yp(s + t)); i.e. the M’ property for V
about 0. a

LEmMMaA 3.2. Suppose that V is smooth, strictly convex, symmetric about 0
and has the M’ property about 0, then y*t)=t+n Vt, where y(t)=
t+cot'a'(t), a=logp, p(t)y=p(t)e" is the angle parametrisation of V
about 0.

PROOF. We begin with a claim. (This is a lemma of Auerbach, see [2],
p. 68.)

Cramm. If I'={p(t)=p(t)e": 0=t =2n} is smooth and convex then
3t €[0, 2x] such that y¥(t) =t + =. That is, 3a €T with a” = —a.

ProoOF. Let a, b€TI be such that the area of AQagb is maximal. Draw
the straight line through & parallel to 0a. If c €T then, by assumption, the
area of A0ac is less than or equal to the area of A0ab, whence the per-
pendicular distance of ¢ to the line Qa is less than or equal to that of b
to 0a. This shows that the line parallel to 0a through b is tangent to I.
Similarly, the tangent to I" at a is parallel to 0b. Without loss of generality,
a = p(s), b = p(t) where s <t <s + n, and we obtain t = y(s), y(t)=s +=n
whence y%(s)=s + 7. O

To complete the proof of the lemma, let K = (sER : yX(s) =5 + n}. Then K
is symmetric closed, y-invariant and non-empty. If K¢ # & then 3s,/€K,
s<t<s+mnsuchthat(s,t)NK=¢.

But s < (s, t) <t and

y*0(s, t) = 0(y’s, y’t) by property M’,
=0 +xn,t+mn) since s, tEK,

=0(s,t)+n by symmetry,
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contradicting 6(s, )& K, and proving the lemma. m|

LEMMA 3.3. Let N be a smooth, strictly convex norm on R* whose unit
sphere V is rigid.

Let w(s) (0=s =2L) be the arc-length parametrisation of V such that
N(w'(s)) = 1. Then for every s, t €[0, 2L]

N(y(s +1) - w(s)) = Q)

where Q:10,2L]1—R, is smooth, Q'(t)>0 on (0,L) and Q(L +1t)=
Q(L —t) fort€[0, L].

ProoF. Since V is rigid, we have that
N(y(s +1)—w(s))=Q(r)  where @:[0,2L]~R,
1s smooth, whence (w(s + 2L) = w(s)):
QL +1)=N(y(s +t+L)—wls))
=N +2L)~w(s+t+L))
=Q(L —1).

If p(s) = p(s)e” is the angle parametrisation of V, then w(s) = p(¢(s)) where
@:[0,2L]—[0, 2x] is an increasing diffeomorphism, and y'(s) = p(yp(s)).

By symmetry, ¢(s + L) = ¢(s) + =.

Since y(t) =t + cot ™! a’(t) where a = log p, there exists s, such that yp(s,) =
o(sg) +7/2 (take ¢(s;) stationary for a) whence, by Lemma 3.2,
7(9(s0) + 7/2) = p(so) + = = p(so + L). Now,

d
Q)= EN('//(SO + 1) = y(so))

=VN(y(so+1)— w(s)-w'(so + 1)
= VN(p(p(so+ 1)) — p(@(s0))) - p(ro(so + 1))
= VN(p(p(so + 1)) — p(0(50))) - p(79(S0)),

since

d
ZJ‘N(V/(S + 1) — y(s) =0.
S

Now the direction of VN( p(p(s, + t)) — p(p(s;))) is the outward normal to
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V at p(y6(p(so), p(so + t))) which is y*6(p(so), p(sy + t)) — n/2 and is actually
n/2 + 6(p(sy), 9(so + ¢t)) by Lemma 3.2.
Thus Q’(¢t) > 0 if and only if

cos(0(p(so), p(so+ 1)) — 9(s0)) >0 (since yp(s) = ¢(so) + 7/2).
For 0 <t < L, we have that
9(s0) < 0(p(50), P(so + 1))
<0(p(s0), p(s0+ L))
= 0(9(s0), 9(s0) + 7)
=y~ p(s0) + 1) = (o) + /2,
whence 0 < 0(p(sg), p(so + 1)) — o(so) <m/2 and Q’(¢) > 0. O

§4. Consequences of rigidity

In this section we give that part of the proof of Theorem 1 which exploits
rigidity. The other part, which exploits property M’, is performed in the next
section.

Let N be the smooth, strictly convex norm and V its unit sphere with angle
parametrisation p(t) = p(t)e”. For s <t =< s + 2r we have the N-arc distance
from p(s) to p(¢) defined by

t
ats, )= [ N(pudu.
Note that a(s, s + 2n) = a(0, 27) = 2L for every s and, by symmetry, and
additivity of o,
afs,s +m)=L for every s.

By Lemma 3.3, rigidity of V is equivalent to the property that if s =¢ =
s+mn,s'=t' =5+ nthen

N(p(t)— p(s)) = N(p(t')— p(s"))  ifand only if ofs, t) = ofs’, t').
Observe that if p(s) = p(t), s <t <s + n then

2p(s)

(n s+z)sm<t; )

4.1) N(p(1) — p(s)) =

_+_
P27
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LEMMA 4.1. Letv=1or2, mz2ifv=1,andm=z=3ifv=21f

k +2v)n _ (@)
p< 2 )pzm vk

(k+v)7t>= (E)
p( o A vy B

ProoF. Note that under our assumptions v | 2m=2 Set b, = kn/2™, then
p(bi+2,) = p(by) and by (4.1)

then

2p(by)sin b,
p(bk + v) .

Thus, N(p(bcs+2) — P(b)) = N(p(bi+a) — P(bii2)) and by rigidity
alby, by +2,) = a(by 42, iy ). For every k, by additivity of a,

(4.2) N(p(bs2) — p(b)) =

R-1
L =oa(by, by + 1) =alby, by yn) = 12 (Dt am Dk 2041w
=0
= Ra(bk’ bk+2v)
where R = 2"~ !/yEN. Thus

Ly
2m—l

Vk.

a(bk, bk + 2v) =

Therefore, by rigidity,
N(p(bi+2) — p(bi)) = N(p(by+3,) — p(bic+y))
whence, by (4.2),

p(bi) _ p(bi+y)
p(bk+v) p(bk+2v) ‘

But p(by+2,) = p(by) and therefore p(b;)> = p(by 1) O

LEMMA 4.2. Ifp(kn/2)=1 Vk and 3a >0 such that p(n/4 + kn/2)=a
Vkthenp(s)=1 Vsand N(x,y)=/x*+ y~

PrOOF. By Lemma 4.1 with v=1 and m =2, p(kn/d)=1=a Vk. We
prove by induction that for n = 2,

4.3) plkr/2M) =1 Vk.
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This is true for n = 2. Suppose that (4.3) is true for some n = 2 and let
¢, = kmn/2"*!'. We have that p(cy) =1 Vk, and so by (4.1)

N(p(cu+a) — p(cu)) = 2sin ¢ = N(p(Cu+6) — P(Co+2)) Vk.
By rigidity, and additivity of a,
a(Caps Cot+2) = UCots Cot+6) = ACok 425 Co+6)
= a(Cot Cok+6) = Cots Cok +)
= oCok+4 Cak +6) Vk.
Again, by rigidity,
N(p(cu+2) = p(ew)) = N(p(ca+6) — P(Cok+4)) Vk.

Using (4.1), we obtain

P(Co41) = P(Ca 4 5)-

That is, p(c;) = p(c;..4) for  odd. Thus (p(cy) = 1), p(cr) = plci+4) V.
By Lemma 4.1 withm=n+1(Z3)and v =2,

plc) = plck+2) Vk

and again by Lemma 4.1 withm =n+ landv =1

plc)=plcs)  Vk.

By induction, (4.3) is true V n = 2, whence by continuity of p, p(s)=1 Vs,

and N(x, y) = /x*+ yL m]

§5. Consequences of the A/ property

In this section we complete the proof of Theorem 3.1 and hence of the main
theorem, by showing that a smooth, strictly convex norm on R? whose unit
sphere is rigid has a linear translate which satisfies the conditions of Lemma
4.1. This is done using the M’ property. We also show that the M’ property
characterises ellipses.

LEMMA 5.1. Suppose that V is a smooth, strictly convex closed curve in R?,
symmetric about 0 and having the M’ property about 0, and let p(t) = p(t)e" be
its angle parametrisation.

Then there exists a linear transformation L such that if p,(t) = p,(t)e" is the
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angle parametrisation of L(V), then p,(kn/2)=1 VY k, and, for some a >0,
pukn/2 +m/d)=a Vk.

ProoF. By rotation about 0 (a linear transformation), we may ensure that 0
is a stationary point for p, whence y(0) = n/2, and by Lemma 3.2 y(n/2) =
y%(0) = nr, whence y(kn/2) = kn/2 + a/2.

By symmetry of V, p(0) = p(n) and p(n/2) = p(3n/2).

Applying the linear transformation (x, y) — (x/p(0), y/p(n/2)) we preserve
the property y(kn/2) = kn/2 + n/2 (because this transformation maps hori-
zontal lines onto horizontal lines, and vertical lines onto vertical lines), and
obtain, in addition, that

pkn/2)=1 Vk.

Next, y6(0, n/2) has the direction of the line p(0) p(n/2), which is 37/4 since
p(0) = p(n/2); that is, y6(0, n/2) = 3n/4.
Similarly, y8(kn/2, kn/2 + n/2) = kn/2 + 3n/4 whence

kn k kn k
9<_7[,_"+E>=y23<-—n,—n+f>—7z by Lemma 3.2
22 2 22 2

k+1 k+1
=y0(( +Dr (kt )n_}_z)__ by the M’ property

2 72 2

k+1
=( hi )n-i—-zz—n by the above
2 4
kn =n
=—+-.
2 4

Thus
y(kn/4)=kn/4d +n/2 Vk.

We have, by symmetry, that p(n/4) = p(5n/4) and p(3n/4) = p(7n/4) and we
must show that

p(n/d)=p(3n/4).

If this were false, we could ensure, by a possible rotation by x/2,
that p(n/4)> p(3n/4). This would imply that the direction of the chord
p(n/4) p(3n/4) (which is yf(n/4,3n/4)) is larger than =, whence (as
y(r/2) = n) we would have
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0(n/4,3n/4) > n/2.
In a similar manner, we would obtain that
0(3n/4, 5n/4) < .
This is impossible, as 8(n/4, 3n/4) > n/2 implies that
n=y(n/2)<y8(n/4, 3n/4) as y increases
=0(3n/4,5n/4) by the M’ property
<m.

Thus p(n/4) = p(3n/4).

Theorem 3.1 is now established and so is the main theorem.

We are also in a position now to show that the M’ property characterises
ellipses.

THEOREM 5.2. Suppose that T is a smooth, strictly convex curve which has
property M’ about some point in its interior, thenT is an ellipse, and the point is
the point of symmetry.

ProOF. By translation, we may assume that I" has the M’ property about 0.
Let p(z) = p(t)e” be the angle parametrisation about 0.
We define a function N on R* — {0} by

N(re®) =rip(0).

Since I is convex, N(x +y) = N(x) + N(y) and clearly N(rx) = rN(x) for
r>0.

In case I' is symmetric about 0, we have that N is a smooth, strictly convex
norm whose unit sphere is I'. By Lemma 3.1, I" is rigid, and by Theorem 3.1, N
is a linear translate of the Euclidean norm, whence I is an ellipse with 0 its
point of symmetry.

To see that I' is necessarily symmetric about 0, note first that y9(s, 1) = ¢t if
and only if t =5 + n. Next,

y0(y~(s),y (s + m))=06(s,s + ) by the M’ property
=y~ (s +r) by theabove.

Thus, y~}(s + n) =y~ '(s) + =, and I is symmetric about 0. O
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§6. The problem in higher dimension

The general problem is to characterize rigid sets in finite dimensional
Banach spaces. There are infinite rigid sets in R” (n = 3) with respect to
non-Hilbertian norms (private communications of P. Milman and R. Witt-
mann). We consider here the situation where || || isasmooth, strictly convex
norm on R” whose unit sphere is rigid.

THEOREM 6.1. If || | isastrictly convex, smooth norm on R", whose unit
Sphere is rigid, and n is odd, then || | is Hilbertian.

Theorem 6.1 follows easily from a result of M. Gromov (theorem 1(1) [3]) by
way of Lemma 6.2 (below). Gromov’s result (theorem 1 in [3]) is a partial proof
of the conjecture of Banach that if 2 < k < n, and all k-dimensional subspaces
of an n-dimensional Banach space are isometric, then the Banach space is a
Hilbert space. (See also [2], p. 152.)

LEMMA 6.2. Ifn =3, || || is a smooth, strictly convex norm on R" whose
unit sphere is rigid, then all (n — 1)-dimensional subspaces of R", || ||) are
isometric.

Proor. If the isometries of the unit sphere of || || are differentiable
mappings, then their differentials are linear mappings between appropriate
tangent spaces, which are easily seen to be isometries when the tangent spaces
are equipped with the norms inherited from (R”,|| || ). By strict convexity
(and smoothness) every (n — 1)-dimensional subspace appears as a tangent
space, and any two are isometric by the transitivity of the isometries. We
complete this proof by showing that an isometry g of I" (the unit sphere of
Il - | =N(-))isindeed smooth.

The Taylor expansion of the formula

N(g(x)—g(y) — N(gx) —g(¥)) =N(x'—y)— N(x —y)
for x, x’, y €T, x # y and x’ close to x, yields
VN(g(x)—g(y)-(8(x)—gxN=VN(x —y)-(x"—x)+o(|| x'—x || ).

Dividing by || x’— x| and letting x’—x so that x’ —x/||x' —x || —
vE T, T, we obtain that

g(x") — g(x)

- )—»VN(x—y)-v.
X" —xf

VN(g(x)— g(y))-<
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As y passes through I' — {x}, VN(g(x) — g(»)) passes through a spanning
set for R”, whence

g(x") — g(x)

—~ L()E T, T
I x"—x| )

where VN(g(x)—g(»))-L(v) = VN(x —y)-v. Clearly, L(v) can be so con-
structed for any vE T, T, || v|| = 1. The linearity of L as a function of V' and its
continuity as a function of x follow for this latter equation, whence g is smooth
with derivative L. O

Thus, the truth of Banach’s conjecture would imply that the only
smooth, strictly convex norms on R" (n = 3) with rigid unit sphere are
Hilbertian.

M. Gromov proved the conjecture of Banach for k even (theorem 1(1) [3]),
whence our Theorem 6.1.
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